In an economic theory of voting, voters have positive or negative costs of voting in favor of a proposal and positive or negative benefits from an accepted proposal. When votes have equal weight then simultaneous voting mostly has a unique pure strategy Nash equilibrium which is independent of benefits. Voting with respect to (arbitrarily small) costs alone, however, often results in voting against the "true majority" (Groseclose and Milyo, 2010) . If voting is sequential as in the roll call votes of the US Senate then, in the unique subgame perfect equilibrium, the "true majority" prevails (Groseclose and Milyo, 2013) . It is shown that the result for sequential voting holds also with different weights of voters (shareholders), with multiple necessary majorities (EU decision making), or even more general rules. Simultaneous voting in the general model has more differentiated results.
Introduction
The decision rules of the EU changed substantially with the growth of the union.
According to the Treaty of Nice, acts by the EU council had to be supported by a minimum number of countries with a minimum number of weighted votes and a minimum total population. In 2017, according to the Treaty of Lisbon and after a three years transition period, the triple majority was reduced to a double majority. Now, a successful vote in the EU Council requires a qualified majority of countries, 55% if acting on a proposal from the Commission or from the High Representative, or else 72%, and, in addition, a qualified majority of population (65%). Till now, there is no general theory of voting which covers such decision rules.
The economic and political relations of countries are more and more governed by membership in multinational organizations instead of bilateral contracts. Decision making in these organizations has to take into account considerable asymmetry concerning the size of the countries as well as their economic, political, and military power. This leads to veto rights, weighted voting, and the requirement of multiple (super-) majorities. Posner and Sykes (2014) provide a survey of the plethora of voting rules in international organizations (GATT/WTO, World Bank, IMF, International Seabed Authority, EU), they highlight unsatisfactory implications of these rules, and they argue that the even less satisfactory, equal weight majority rule survives only in organizations without decision making authority. In business, weighted (super-) majority voting by shareholders is the normal case.
Voting under such rules is quite different from simple majority voting and it seems important to understand its implications. In this paper, I suggest an economic model of voting which implies results of Milyo (2010, 2013) for majority voting with equal weights. The model covers weighted voting as well as requirements of multiple majorities and all kinds of other decision rules based on Yes-No voting. The central questions are, first, whether or not there is a unique pure strategy equilibrium of the voting game and, second, if such an equilibrium exists, whether or not it has the same result as sincere voting 1 . Third, we ask whether Gloseclose and Milyo's (2010, rules. In addition to Milyo (2010, 2013) there is no really close literature. This is shown in more detail in Bolle (2017) . As an example, at the end of Section 3, we will briefly discuss Dal Bo (2007) who proposes a model which is otherwise close to mine, differs however in two crucial aspects.
In the next section I present some basic assumptions of the model which are independent of the decision rule. Then, in order to strengthen the intuition for the general case, I (very briefly) derive Gloseclose and Milyo's (2010) result for simultaneous voting. In Section 4, I suggest a model with general decision rules and highlight similarities and differences to simultaneous voting with equal weights. Section 5 shows that sequential voting has the same outcome as sincere voting not only for majority voting (Groseclose and Milyo, 2013) but also under general decision rules.
Section 6 is the conclusion.
Values in voting and equilibrium selection
We assume that a voting body has to decide on a proposal by Yes-No voting. The threshold for the acceptance of the proposal will be described later. Costs may be intrinsic 2 (party or personal loyalty, religious requirements, conscience) or extrinsic, for example caused by the threats of party whips or bribes (negative costs) from lobbyists or their equivalents in international organizations, often powerful and/or rich countries. Extrinsic voting costs may also stem from the effect of a vote on public opinion and reputation (more in Bolle, 2017) . Benefits evaluate personal advantages 2 Mainly intrinsic values of voting for or against a proposal or candidate are assumed in the literature on "expressive preferences" (Brennan and Lomasky, 1997; Hillman, 2010) , where voters want others to show their preferences by voting in favor of a party and do not follow strategic considerations; but in that literature the "paradox of voting" is of central interest and not the equilibrium of voting on a certain proposal.
and disadvantages as well as, according to a voter's personal judgement, positive or negative public consequences from a successful vote.
We distinguish four cases. If 0 < # < # , player i wants the proposal to be accepted without voting approvingly. If # < 0 < # or # < # < 0, i has the dominant strategy to vote Yes. If 0 < # < # or # < 0 < # , i has the dominant strategy to vote No. If # < # < 0, then wants to free-ride on the No votes of others.
Lemma 1:
(i) Voters with dominant strategies vote according to their costs of voting.
Voters with negative costs vote Yes, voters with positive costs vote No.
(ii) If voters with dominant strategies determine the outcome of the vote, then all players vote according to their costs.
(Without proof)
In the following we assume that voters with dominant strategies do not decide the vote alone. We neglect them all after taking their decisions into account. In equal weight majority voting this means that a minimum number k of players have to vote Yes where k can be any number between 1 and the number of remaining voters.
Definition 1: = + + -is the set of voters. For all ∈ + we have 0 < # < # and for all ∈ -we have # < # < 0. The number of voters in + and -are + and -.
Pure strategy equilibria in voting games (general definition below) are not only "simpler" than equilibria with mixed strategies, they also need only qualitative information, namely common knowledge about the set + or -to which each player belongs. A severe problem is coordination on one of the equilibria if there are many.
Assumption 2:
If there is a unique pure strategy equilibrium, it is played by the voters.
Simultaneous equal weight voting
Imagine the members of a parliament simultaneously voting on a parliamentary pay rise. Acceptance of the proposal requires k Yes votes from the n members without a dominant strategy. All n remaining members want the vote to be successful, but no one wants to be blamed for a positive vote (i.e., all are from + ). Bolle, 2017) .
General voting games
Definition 3: In a voting game, there are ≥ 2 players who simultaneously or sequentially vote "Yes" or "No" on a certain proposal. = {1, … , n} is the player set.
ℋ designates the set of all subsets of whose Yes votes suffice to accept the proposal. It has the following properties: The empty set ∉ ℋ; ∈ ℋ; if ⊂ ′ ⊂ and ∈ ℋ then also ′ ∈ ℋ.
(i) We call ∈ ℋ a minimal supporting set if no strict subset of is contained in ℋ.
(ii) Player i is called a pivot player with respect to if ∪ { } ∈ ℋ and − { } ∉ ℋ.
(iii) If ℋ = : ≥ , we call the game an equal weight voting game.
Definition 3 is similar to the definition of Simple Cooperative Games where the characteristic function takes binary values. We will establish, however, a noncooperative game with more structure.
Assumption 3:
We assume that -, + and ℋ are common knowledge.
Note that the voters need not know the exact values of # and # . Let us first characterize simultaneous voting games with unilateral interests.
Proposition 2: Let us assume -= 0.
(i)
There are as many pure strategy equilibria with the acceptance of the proposal as there are minimal supporting sets. All ∈ ∈ ℋ, with = minimal set, vote Yes in such an equilibrium and all other players vote No.
(ii) If { } ∉ ℋ for all , then voting No by all is the only pure strategy equilibrium without the acceptance of the proposal; otherwise no such equilibrium exists.
Proof:
In both cases no player can gain from changing her decision. In an equilibrium without the acceptance of the proposal no player would incur costs by voting Yes. □
Respective equilibria exist for + = 0. With many different minimal supporting sets, coordination of the players is extremely difficult and the question arises whether completely mixed strategy equilibria (in particular when they are unique or Paretoranked) are more plausible candidates for equilibrium selection.
Proposition 3 (necessary conditions for pure strategy equilibria ): Let * ⊂ denote the set of players who vote Yes in a pure strategy equilibrium.
(i) If the proposal is accepted then * ∈ ℋ, -⊂ * , * − { } ∈ ℋ for ∈ -, and * − { } ∉ ℋ for ∈ * − -.
(ii) If the proposal is rejected then * ∉ ℋ, * ⊂ -, { } ∪ * ∉ ℋ for ∈ + , and { } ∪ * ∈ ℋ for all ∈ -− * .
Proof: (i) When the proposal is accepted, every player ∈ -− * is, because of her negative costs, better off if she votes Yes, i.e., -⊂ * . Every player ∈ -would, however, withdraw her support if she were a pivot player; * − { } ∈ ℋ expresses that she is not. Every player ∈ * − -would, because of her positive costs, withdraw her support if she is not a pivot player; * − { } ∉ ℋ expresses that she is.
(ii) In a pure strategy equilibrium without the acceptance of the proposal, support comes from * ∉ ℋ. No player from + , because of her positive costs, would support a rejected proposal, i.e., * ⊂ -, except she were a pivot player; therefore { } ∪ * ∉ ℋ for ∈ + is necessary. All other players from -do not vote Yes because otherwise the proposal would be accepted, i.e., { } ∪ * ∈ ℋ is required for all ∈ -− * . □ All players have incentives to free ride which means that players from -vote Yes and players from + vote No. They deviate from this behavior only if they are pivot players.
Therefore the set of Yes-voters is at least -in (i) and the set of No-voters is at least + in (ii). In the following we characterize cases where the result of majority voting (with -≠ , − 1 ) applies also in the general case, namely -being the only equilibrium set of Yes-voters.
Definition 4:
Player is said to be replaceable 3 by if, for every ⊂ − { , } ∉ ℋ, and ∪ { } ∈ ℋ, also ∪ { } ∈ ℋ applies. and are said to be mutually replaceable if is replaceable by and is replaceable by .
Lemma 2: If all pairs of players are mutually replaceable, then the game is representable as an equal weight BTPG game, i.e., the threshold structure is ℋ = : ≥ with 1 ≤ ≤ .
Proof:
If ∈ ℋ is a minimal supporting set with the lowest number of members, then every player can be substituted by a player from − . I.e., if a set with players is in ℋ, then every set with at least k players is in ℋ. As k has been defined as the minimal number of members of a supporting set no other sets are in ℋ. □
In general voting games, there may be no replaceability relations between pairs of players or they may be one-sided or mutual. Examples of one-sided replaceability are shareholders with sufficiently unequal shares. The following is an example without replaceability relations.
Example 1: There are four countries (1, 2, 3, 4) with weights (2, 4, 1, 5) and populations (40, 20, 50, 10) . Acceptance of a proposal requires aggregate weights of Yes-voters of at least 6 and an aggregate population of at least 60.
In this example the only minimal supportive sets of countries are {1,2} and {3,4}.
Therefore, no player is replaceable by another player. We will come back to this example later on.
Proposition 4 (sufficient conditions for
(i) If -− { } ∈ ℋ for all ∈ -then * = -describes the unique pure strategy equilibrium with the acceptance of the proposal. If, in addition, every ∈ -is replaceable by a player ( ) ∈ + , then no pure strategy equilibrium without the acceptance of the proposal exists.
(ii) If -∪ { } ∉ ℋ for all ∈ + , then * = -describes the unique pure strategy equilibrium without the acceptance of the proposal. If, in addition, every ∈ + is replaceable by a player ( ) ∈ -, then no pure strategy equilibrium with the acceptance of the proposal exists. 
Proof: (i)
then:
-describes the unique pure strategy equilibrium with the acceptance of the proposal. If, in addition, i -is replaceable by a voter from + , then no pure strategy equilibrium without the acceptance of the proposal exists.
(ii) If -∪ {i + } ∉ ℋ then * = -describes the unique pure strategy equilibrium without the acceptance of the proposal. If, in addition, i + is replaceable by a voter from -, then no pure strategy equilibrium with the acceptance of the proposal exists. ) can also be modeled as weighted voting games, but we have to give the veto players extremely large weights compared with ordinary voters (and adapt also the threshold k). Sufficient conditions for the representability as a weighted voting game can be found in Freixas et al. (2017) . But not all voting games can be represented as weighted voting games. Example 1 above shows that this conjecture is not true. The sum of weights of voters 1 and 2 as well as those of 3 and 4 have to be equal to or larger than a hypothetical threshold k; therefore, the sum of all weights has to be at least 2k. On the other hand, the sums of weights of voters 1 and 3 as well as 2 and 4 have to be smaller than k; therefore, the sum of all weights must be smaller than 2k. proposal with a supermajority of 9 votes, which must include all permanent members. 5 Article 25 of the Protocol specifies that the Protocol enters into force when at least 55 countries which account for at least 55% of the total carbon dioxide emissions for 1990 "have deposited their instruments of ratification, acceptance, approval or accession".
If there is a representation of this game as a weighted voting game with weights x, then there is a representation where the twelve "small" players all have a weight R and the three "large" players have a weight RW ; the threshold is k. As 1, … ,12 ∉ ℋ, R < /12. As 1, … ,7,15 ∈ ℋ, 7 R + RW ≥ . Therefore RW > 5 /12. But as 13,14,15 ∉ ℋ, RW < /3. Therefore, this example has no representation as a weighted voting game.
Sequential voting
In many parliaments, sequential votes are possible or even the normal case. In a roll call vote, the members of the US Senate are required, in alphabetic order, to vote either "yea" or "nay". Abstention is possible in principle but usually not applied. One may object that, facing a fast sequence of 100 or almost 100 votes, senators have decided on their vote in advance. Nonetheless, let us derive the subgame perfect equilibrium of the sequential voting game.
Let us assume that the order of voters is (voter 1, voter 2, …, voter n). Again we disregard all voters with dominant strategies after taking their decisions into account so that the sets of remaining necessary votes for the passing of the proposal is again described by ℋ. The game of the remaining players consists of a sequence of subgames which are essentially described by
where * is defined as the set of players who vote Yes. Player i knows # * because she knows who has voted Yes, namely * ∩ 1, 2, … , − 1 and because she knows who of the remaining players wants the proposal to be accepted, namely { + 1, … , } ∩ + . If apply also for player i. (iii) and (iv) follow from (i) and (ii). □ For the case of equal weight games, Proposition 4 has been proved by Groseclose and Milyo (2013) . A consequence of Proposition 4 is that, for the acceptance of the proposal, the order of voters is irrelevant. Individual votes, however, depend crucially on the order. As an example, take an equal weight voting game with = + = -. If the first k players are from + , all voters vote "Yes", the first k because they must vote
Yes in order to guarantee the acceptance of the proposal, the second k in order to incur the negative costs of voting. If the first k voters are from -, they vote "Yes" because they cannot prevent the acceptance of the proposal, the second k vote "No" because they need not incur the positive costs of voting "Yes".
.
Conclusion
An economic model of voting is suggested which assumes Yes-No voting and arbitrary decision rules based on votes. Three crucial assumptions are that there are conflicting interests ( + > 0, -> 0), that abstentions are not allowed or not effective, and that there is complete information about qualitative interests and the decision rule ( + , -, and ℋ are common knowledge). I think these assumptions are relatively weak. Milyo (2010, 2013) have investigated the case of voters with equal weights, ℋ = : ≥ . This paper assumes a general threshold structure ℋ (Definition 3).
the sequential game, the subgame perfect equilibrium is unique. Even with a general threshold structure ℋ, the strict condition for the acceptance of a proposal is that it has a true majority, i.e., + ∈ ℋ. Who really votes Yes, however, depends on the order of votes.
Under simultaneous voting with equal weights and a large number of voters, unique pure strategy equilibria not always but mostly exist. In equilibrium, voters vote Yes if and only if their costs of voting are negative (Groseclose and Milyo, 2010) . Therefore, in parliamentary votes, party whips easily succeed. In the general case, Proposition 4
shows, that voting according to costs is a prominent candidate for an (possibly unique) pure strategy equilibrium. But with unequal weights (shareholder decisions) or even multiple necessary majorities (EU decision making), pure strategy equilibria of simultaneous voting are often non-existent or non-unique or such that not all voters vote according to their costs.
